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Boundary Conditions for the
Vorticity—Velocity Formulation
of Navier—Stokes Equations

Alexander L. Ni*
Asea Brown Boveri, Ltd., CH-5405 Baden, Switzerland

Introduction

HE no-slip boundary conditions for the vorticity—velocity for-

mulation or, more precisely, the u — w integro-differential for-
mulation of the Navier-Stokes (NS) equations are considered in
this paper. The status of the problem has been given in the recent
reviews by Gresho' and Gatski.2 The present Note is concerned
with the no-slip boundary conditions within the framework of the
boundary-element method that has been in development for the past
two decades by Wu,>** Wu and Gulcat,” Wu and Thomson,® and
Wang and Wu.” This method has appeared to be rather fruitful. Im-
portant problems for both practice and basic research have been
solved with this method. Wu et al.>~8 presented the equation that is
sometimes used to represent a solution on NS equations for given
time instant in integral form. “Sometimes” is written here because
the solver given by those authors does not generally speaking meet
the no-slip boundary conditions. Gresho® wrote in his review thatun-
der some circumstances the equation .. . may not be strictly valid,
and some mathematical trickery seems to have crept in. Woe is Wu?
No, because in practice it is quite properly (and cleverly) utilized
in other ways, and the suggested illegitimacy is in fact vindicated.”
However, the problem for the general case remains unsolved. How
to meet the no-slip conditions? This Note approaches these ques-
tions by reduction of the problem finally to the system of Fredholm
equations of the second kind. The solver of this system gives the
distribution of vortices and sources (sinks) on the surface of the
body. The integral representation of the solution with the obtained
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vortices and sources yields the exact instantaneous velocity field
that meets the no-slip conditions.

Flow Equations

The terminology and notations from Ref. 1 are used throughout
this paper. The governing equations for an incompressible viscous

medium are

ou

Vu =0, m + @Vu =nAu—VP (1)
The most general initial-boundary-value problem (IBVP) is as
follows:! Find the velocity u(x, ) and the kinematic pressure
P(x,1), i.e., the pressure divided by the density in a bounded do-

main Q with a boundary value of 32 = I' = I', + 'y, subject to
the boundary conditions for ¢ > 0 of

u=w on I'p 2)

—P +ndu,/dn =0, nou,/on =0 on 'y 3
where n indicates the normal component and outward normal direc-
tion, ¢ indicates the tangential direction, and wherein if (and only
if) ' = I'p(Ty), for 'y = @, w must satisfy fr nw=10fort > 0,
and is subject to the initial condition u(x, 0) = up(x) in 2, where
Vuy = 0in @, and nuy = nwy = nw(x,t), (x € Mand t = 0)
onlp.

Apply the curl operator V x (- - -) to Egs. (1) and use the fact that
both # and w are division-free to obtain

dw

o + @V)w = (wViu + nAw (4a)

and the velocity vector
w=V xu=rotu (4b)

Vector-Potential-Vorticity (A — w) Formulation

If one now focuses on the no-slip boundary condition Eq. (2) the
vector-potential A and the scalar potential ¢ by means of

u=r10tA + Vg (®)

to arrive at the second in the pair known as the vector-potential-
vorticity (A — w) formulation
AA = —w, Ap=0 6)
It is important that one additional requirement (a gauge condi-
tion) be imposed on A for the derivation of Egs. (6):

divA =0 Q)

The no-slip boundary conditions on the surface of the body in the
absolute frame are
Vo), +(rotA), — (W), =0, (Vo) +(rotA), — (w), = 0 (8)
The latter equation is really a vector equation on the surface.
The general representations of the solutions for the Poisson equa-

tion for the vector potential and the Laplace equation for the scalar
potential (6), are®

A(x, 1) = P(x) + / nxNF(s)drx)
r 9
P, 1) = / v(x)F(s) dI" (x")
r

where the vector ®(x) = — B, [ w(x')F(s) dQ (x').

The functions g(x') and v(x’), entered in the surface integrals,
denote the surface vorticity and the surface sources (sinks), re-
spectively. They should be determined from the boundary condi-
tions. Also here, F(s) is the fundamental solution of the Laplace



AJAA JOURNAL, VOL. 34, NO. 2: TECHNICAL NOTES 417

equation, where F(s) = —1/s, B4 = 1/4m for three dimensions,
F(s) = —lns, B4 = 1/2m for two dimensions, s = x — x', and
s = |s].

Substituting Egs. (9) into Eq. (5) yields the following formula for
the velocity:

u(x, t) =u,(x,t)+ Vf v(xHF(s)dl'(x)
r

+rot/u(x’)F(s) dre" 10)
r

where the vector u,(x, t) = rot ®(x) is by definition the velocity
induced by the distributed vorticity at a given point of space.

Under the assumption that the differential operators and integrals
commute (let us emphasize at this point that this assumption is not
valid for the points belonging to the surface!), the latter formula can
be reduced to the form that seems to be similar to that given by Wu
etal. >3

u(x, t):—ﬁd[/ w(x;)'sdsz(x’)+/’ﬂd§ﬂdr(x’)
@ r ¢

+f———"'w(f)'sdr(x’)]
r A

Distinct from Eq. (10), the formula developed by Wu and others
expresses the surface vorticity and sources (sinks) by means of the
unknown velocity vector w(x’). The problem of the determination
of w(x’) was discussed thoroughly in the papers by Wu et al.>~®
According to Ref. 8, the correct boundary condition for the problem
is either the normal velocity component n - w(x') or the tangen-
tial velocity n - w(x’) or it can be a linear combination of the two
over the entire boundary. These boundary conditions are at best
the approximation to the exact no-slip conditions. The accuracy of
this approximation cannot be estimated a priori. The exact no-slip
boundary conditions should be considered on the basis of the rep-
resentation in Eq. (10). (Consider the two- and three-dimensional
cases separately.)

Two-Dimensional Flow

For the two-dimensional flow in the x, y plane, the vector po-
tential can be taken in a form with only one nonzero z component
A, = ¥, where 1 is the stream function. The velocity and the vor-
ticity components (the latter has one nonzero component (v, = w)
expressed by means of  and ¢ are

u=293y/dy+ dp/dx, v =—0%/dx 4+ d¢/dy

w = dv/dx — du/dy

The boundary conditions derived in Egs. (8) in terms of ¢ and ¢
have the following form:

(pn_,‘l//t_wn:(): (pt—'@[/n_wtzo an
The general solution of the problem is given by formulas (9).

As was mentioned above, for the points in €2, the differential
operators in Eq. (10) can be applied directly to the expressions
inside the integrals. The modification of this formula for the points
belonging the boundary I' needs separate consideration. The theory
of harmonic functions® for this case leads to the equation

3
P % v(x, y)a[(x — x)? + (v — x/)?1dl = 27v(x, y)
n r

+ f v(x’, y’)iﬂn[(x —x)? + (y —x)*1dT’
i~ on

- where 3/0n is the operator of the differentiation in the direction
of the outer normal n to the surface at the point (x, y). Taking

this differentiation rule into account one comes to the following
representation of the boundary conditions of Egs. (11):

sn {
my(x, y) +§£ v,y I +.¢ e y')j—zdr
r r

+uwn—wn=0
! /sn 1 14 ' st
—ﬂu(x,y)—f p(x', y) = dT' +?§ v(x', y)—dl
r s Al S

Fuy —w, =0

These equations represent the system of Fredholm integral equations
of the second kind, incorporating the unknown functions & and v.
After these functions are found, the velocity field given by formula
(9), meets the exact no-slip boundary conditions. Together with these
equations, the transport equation (4) represents a closed system of
governing equations for the two-dimensional NS flows.

Three-Dimensional Flow

Equation (7) for the two-dimensional case has been satisfied auto-
matically by the choice of A as having only one nonzero component.
For the three-dimensional case, Eq. (7) supplements one additional
equation for the surface vorticity distribution g(x’). The necessity
for the existence of one additional equation follows from the simple
comparison of the number of boundary conditions with the num-
ber of unknown functions [there are three equations for the three
velocity components and four unknown functions (v(x’) and p(x")].

To derive the additional equation for the surface vorticity, let us
introduce the new dependent variable ¢ = divA. If the operator
div is applied to Egs. (6), commuting the differential operators and
taking into account that div w = 0 leads to the Laplace equation for
gin Q:

Ae=0

Now let us derive the boundary conditions for . Calculations of
the corresponding derivatives from Egs. (9) yield

e, 1) = —fy4 / wn' F(s)dI"(x") + div
r

X[ / B&)F(s) dF(x’)]
r

To find ¢ at the point xy on the surface, we introduce at this point
the local Cartesian coordinate systems with axes ng, £y, £z, where
ny is normal to I at xy and #; and £y, are vectors tangential to I'.
Expressed in the local coordinate system the divergence is

e(xg, 1) = —ﬂd/w(x')n’F(S)dT(x')
r

+ 2 / pno()F(s) dI'(x') + div, / & F(s)dI (x)
dnp Jr r

The differentiation rule for the surface integrals® yields the following
expression for the derivative along the outward normal direction ny:

2 / Mo () F (s) AT (') = 277 png (o)
8n0 r

& )ngs ,
+ / B0 40 ) ano®) = utemg
r
If & equals zero on I, than it is zero everywhere in £ and vice versa.
1t follows that g(x") should satisfy the Fredholm integral equation
of the second kind:
20 (X RySs
277 o (). + / H—O(sd#

r

drr(x') — / w@)n' F(s)dl (x')
r

+div, [ / w,(xXYF(s) dl“(x’)] =0
r

relative to fino(x).
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Consideration of the boundary conditions represented by Egs. (8)
should be performed in a way similar to that shown above in the local
coordinate system. The condition for the normal component yields

271v(x)+/ VOIS 4y
r S

+ rot , |:'I>(x) + / pn(xYF(s) dI‘(x')} w, =0
r

The boundary conditions for the tangential components are

2w, (x) + /
r

—/ e )3 (s) () + rot, ®(x) — w,, =0
r

27ru,2(x)+/m—2(sx)£dl"(x) /v(x) F® grw)
r

My (x nys

dI'cx )+/ x ) ()df‘( x)

/ e )udr(m—rottl«b(xnw,, =0
T

In a manner similar to that of the two-dimensional case, the
boundary-condition problem is reduced to the system of Fredholm
equations of the second kind. This system, together with the vorticity
transport equations, represents the closed system of governing equa-
tions for the three-dimensional NS flows.

Concluding Remarks

The intent of this Note has been to highlight some aspects con-
cerning the no-slip boundary conditions for the vorticity-velocity
formulation or, more precisely, the u — w integro-differential formu-
lation, of the NS equations. This Note has shown that the problem
of the boundary condition can be reduced to the system of Fredholm
equations of the second kind. The solution of this system gives the
distribution of vortices and sinks on the surface of the body; the
integral representation of the solution with vorticities and sources
yields the exact solution that meets the no-slip conditions.
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Oblique-Shock/Expansion-Fan
Interaction—Analytical Solution

H. Li* and G. Ben-Dor'
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Introduction

ONSIDER Fig. 1a, in which a supersonic flow having a Mach

number M, flows inside a channel that suddenly turns by an
angle 8, . For the flow to negotiate this sudden turn, a centered expan-
sion wave and an oblique shock wave are generated at the expansive
and compressive corners, respectively, as shown in Fig. la. The
oblique shock wave intersects the leading characteristic of the ex-
pansion fan at point A, initiating the interaction between these two
waves. As a result, the slope of the oblique shock wave changes
continuously until it emerges from the expansion fan at point B,
which marks the intersection of the oblique shock wave with the
tail of the expansion fan. Beyond point B the oblique shock wave is
again straight. As shown in Fig. 1a it eventually reflects from the up-
per wall of the channel. Although the reflection shown in Fig. 1a is
regular, a Mach reflection is also possible. The type of the reflection
that actually occurs depends on both the aerodynamic and the geo-
metric conditions. Upon crossing the curved portion of the oblique
shock wave, the expansion waves are also bent, until they emerge
from the slipstream and become straight. In Fig. 1a, the transmitted
expansion waves are seen to reflect from the bottom wall of the
channel.

Since the subject of this paper is the interaction between an
oblique shock and a centered expansion fan, the subsequent interac-
tions of the reflected shock and reflected expansion waves will not
be considered here.

An interaction similar to the one shown in Fig. la takes place
in a Mach reflection in steady flows, as shown in Fig. 1b. Here,
the reflected shock wave R interacts with the centered expansion
fan that is formed at the trailing edge of the reflecting wedge. The
transmitted expansion waves interact then with the slipstream § and
turns it away from the bottom surface. As a result a throat is formed
in the flow tube formed by the bottom surface and the slipstream.
According to Azevedo and Liu! the cross-sectional area of this throat
determines the actual height of the Mach stem.

The interaction between an oblique shock and a centered expan-
sion fan is observed in many other aerodynamic situations, e.g., a
supersonic jet emanating from an overexpanded nozzle or the wave
interaction associated with a ram accelerator, a device for accel-
erating projectiles to ultrahigh velocities. Surprisingly, however, it
appears never to have been solved analytically. Consequently, the
aim of the present study is such an analytical solution.

Present Study

The relevant flow states and flow parameters are defined in Fig. 1a
together with the selected origin of the (x, y) coordinate system.
State 0is ahead of both the oblique shock and the centered expansion
fan, state 2 is aft of the centered expansion fan, state 3 is aft of
the transmitted oblique shock wave, and state 5 is obtained behind
the oblique shock wave regularly reflected at point R. State 1 is
reached just behind the oblique shock wave, and state 4 is aft of
the transmitted expansion waves. Note that states 3 and 4, having
different flow histories, are separated by a layer of varying entropy.
The streamlines in these two flow states are parallel and the pressures
are equal.
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